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Summary

It is proved that the centre Z of the simply connected quantised universal enveloping algebra over
C, Ug, p(sly), € a primitive /th root of unity, / an odd integer > 1, has a rational field of fractions.
Furthermore it is proved that if / is a power of an odd prime, Z is a unique factorisation domain.
© 2005 Elsevier Inc. All rights reserved.

Introduction

In [8] de Concini, Kac and Procesi introduced the simply connected quantised universal
enveloping algebra U = U, p(g) over C at a primitive /th root of unity ¢ associated to a
simple finite-dimensional complex Lie algebra g. The importance of the study of the centre
Z of U and its spectrum Maxspec(Z) is pointed out in [7,8].

In this article we consider the following two conjectures concerning the centre Z of U
in the case g = sl,:

(1) Z has a rational field of fractions.
(2) Z is a unique factorisation domain (UFD).

The same conjectures can be made for the universal enveloping algebra U (g) of the Lie
algebra g of a reductive group over an algebraically closed field of positive characteristic.
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In [16] these conjectures were proved for g = gl,, and for g = sl,, under the condition that
n is non-zero in the field.

The second conjecture was made by Braun and Hajarnavis in [1] for the universal en-
veloping algebra U (g) and suggested for U = U, _p(g). There it was also proved that Z is
locally a UFD. In Section 3 below, this conjecture is proved for s{, under the condition that
[ is a power of a prime (5 2). The auxiliary results and Step 1 of the proof of Theorem 4,
however, hold without extra assumptions on /.

The first conjecture was posed as a question by J. Alev for the universal enveloping
algebra U (g). It can be considered as a first step towards a proof of a version of the
Gelfand—Kirillov conjecture for U. Indeed the Gelfand—Kirillov conjecture for gl,, and
sl,, in positive characteristic! was proved recently by J.-M. Bois in his PhD thesis [4] using
results in [16] on the centres of their universal enveloping algebras (for sl,, it was required
that n # 0 in the field). It should be noted that the Gelfand—Kirillov conjecture for U (g) in
characteristic O (and in positive characteristic) is still open for g not of type A.

As in [16], a certain semi-invariant d for a maximal parabolic subgroup of GL,, will play
an important role. Later we learned that (a version of) this semi-invariant already appeared
before in the literature, see [10]. For quantum versions, see [12,13].

1. Preliminaries

In this section we recall some basic results, mostly from [8], that are needed to prove the
main results (Theorems 3 and 4) of this article. Short proofs are added in case the results
are not explicitly stated in [8].

1.1. Elementary definitions

Let g be a simple finite-dimensional Lie algebra over C with Cartan subalgebra b, let @
be its root system relative to b, let («y, ..., ;) be a basis of @ and let (-|-) be the symmetric
bilinear form on h* which is invariant for the Weyl group W and satisfies («|«) = 2 for all
short roots «. Put d; = («;|e;) /2. The root lattice and the weight lattice of @ are denoted
by respectively Q and P. Note that (-|-) is integral on Q x P.

Mostly we will be in the situation where g = sl,,. In this case r =n — 1 and all the d;
are equal to 1. We then take ) the subalgebra that consists of the diagonal matrices in s,
and wetake o = A+ Aj; — Ajq1i+1:5—> C.

Let / be an odd integer > 1 and coprime to all the d;, let ¢ be a primitive /th root of
unity and let A be a lattice between Q and P. Let U = U, 4(g) be the quantised universal
enveloping algebra of g at the root of unity ¢ defined in [8] and denote the centre of U by Z.
Since U has no zero divisors (see [7, 1.6—1.8]), Z is an integral domain. Let U', U™, Uo°
be the subalgebras of U generated by respectively the E;, the F; and the K; with A € A.
Then the multiplication U~ ® U’ ® Ut — U is an isomorphism of vector spaces. We

1 The Gelfand—Kirillov conjecture for a Lie algebra g over K states that the fraction field of U (g) is isomorphic
to a Weyl skew field D, (L) over a purely transcendental extension L of K.
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identify U with the group algebra CA of A. Note that W acts on U, since it acts on A.
Let T be the complex torus Hom(A, C*). Then T can be identified with Maxspec(U 0y =
Homc. A1g(U 0 C) and for the action of T on U 0=C[7] by translation we have ¢ - K; =
t(MK;.

The braid group B acts on U by automorphisms. See [8, 0.4]. The subalgebra Z of
U is defined as the smallest B-stable subalgebra containing the elements K I 'Le A, and
Ef, Fl.l, i=1,...,r. We have Zog C Z. Put z; = Ki and let Zg be the subalgebra of Z
spanned by the z;. Then the identification of U° with CA gives an identification of Zg
with Cl A. If we replace K, by z, in foregoing remarks, then we obtain an identification of
T with Maxspec(Zg). Put ZOi = ZoNU®. Then the multiplication Z; ® Zg ® ZJ — Zy
is an isomorphism (of algebras). See e.g. [7, 3.3].

1.2. The Harish-Chandra centre Z and the quantum restriction theorem

Let OV be the dual root lattice, that is, the Z-span of the dual root system @. We
have QY = P* < A*. Denote the image of Q¥ under the homomorphism f > (A
(=D Py: A* - T by Q5. Then the elements # 1 of Q5 are of order 2 and U2 —
C(AN2P). Since Q5 is W-stable, we can form the semi-direct product W=W Kx (034

and then U'W = (C(A n2P)V.

Leth:U=U"QU°QU™T — U be the linear map taking x @ u ® y to €y (x)uey (),
where €y is the counit of U. Then A’ is a projection of U onto U°. Furthermore h'(Zg) =
Zg =ClA and '|z,: Zy — Zg has a similar description as 4’ and is a homomorphism

of algebras. Define the shift automorphism y of U°2: by setting y (K;.) = e ?™ K, for

A€ AN2P. Here p is the half sum of the positive roots. Note that y = id on ZgQZ =
Cl(AN2P).In [8, p. 174] and [7, §2], there was constructed an injective homomorphism

h: UOW — Z, whose image is denoted by Z, such that #'(Z;) C U%25 and the inverse
h:Zy 2 UV

of i is equal to y~! o h’. Note that h = h’ on Zo N Z; and that h'|z, is a homomorphism
of algebras. Since Ker(h') is stable under left and right multiplication by elements of U
and under multiplication by elements of Z, we can conclude that the restriction of 4’ to the
subalgebra generated by Zp and Z; is a homomorphism of algebras.

From now on we assume that A = P. Let G be the simply connected almost simple
complex algebraic group with Lie algebra g and let 7 be a maximal torus of G. We identify
@ and W with the root system and the Weyl group of G relative to 7. Note that the
character group X(T) of T is equal to P. In case g = sl, we take T the subgroup of
diagonal matrices in SL,,.

1.3. Generators for C[G1° and Z,
We denote the fundamental weights corresponding to the basis («q,...,®,) by

wl, ..., oy As is well known, they form a basis of P. Let C[G] be the algebra of reg-
ular functions on G. Then the restriction homomorphism C[G] — C[T] = CP induces
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an isomorphism C[G]® = C[T]Y = (CP)", see [17, §6]. For A € P denote the basis
element of CP corresponding to A by e(A), denote the W-orbit of A by W - A and put
sym(X) = ZueW~ke(l"‘)' Then the sym(w;), i = 1,...,r, are algebraically independent
generators of ((CP)W. See [3, No. V1.3.4, Théoreme 1].

For a field K, we denote the vector space of all n x n matrices over K by Mat, =
Mat, (K). Now assume that K = C. In this section we denote the restriction to SL,, of
the standard coordinate functionals on Mat, by &;;, 1 < i, j < n. Furthermore, for i €
{1,....,n — 1}, s;i € C[SL,] is defined by s;(A) = tr(/\" A), where A\’ A denotes the ith
exterior power of A and tr denotes the trace. Then @w; = (§11 - - - &;;) |7 and therefore

sym(@;) = s, ()

the ith elementary symmetric function in the &;;|7. See [16, 2.4].

In the general case we use the restriction theorem for C[G] and define s; € C[G1°
by (*). So then s1, ..., s, are algebraically independent generators of CI[G]°.

Identifying U° and CP, we have U'W = (C2P)Y. Put u; = h(sym(2w;)). Then
h(u;) =sym(2w;) and uy, ..., u, are algebraically independent generators of Z;.

1.4. The cover w and the intersection Zy N Z

Let @ be the set of positive roots corresponding to the basis («, ..., a,) of @ and
let U, respectively U_ be the maximal unipotent subgroup of G corresponding to @+
respectively —@ T, If g = sl,,, then U, and U_ consist of the upper respectively lower
triangular matrices in SL,, with ones on the diagonal. Put O = U_TU,.. Then O is a non-
empty open and therefore dense subset of G. Furthermore, the group multiplication defines
an isomorphism U_ x T x Uy = O of varieties. Put £2 = Maxspec(Z).

In [7 (3.4)—(3.6)] there was constructed a group G of automorphisms of U= Zo ®z, U
where Z denotes the > algebra of holomorphic functions on the complex analytic variety .{2
The group G leaves Zoand Z = 2y ® 7, Z stable. In particular it acts by automorphisms on
the complex analytic variety §2. In [8] this action is called the “quantum coadjoint action.”

In [8, §4] there was constructed an unramified cover 7 : 2 — O of degree 2. I give a
short description of the construction of 7. Put 2% = Maxspec(ZgE). Then we have 2 =
27 xT x 27.Now Z:2 — T is defined as the projection on T, X:£2 — U, and
Y : 2 — U_ as the projection on £2% followed by some isomorphism 2% => U, and 7
is defined as Y Z2X (multiplication in G).2 This means: 7 (x) = Y (x) Z(x)%X (x).

The following theorem says something about how G and 7 are related to the “Harish-
Chandra centre” Z; and the conjugation action of G on C[G]. For more precise statements
see [8, 5.4, 5.5 and §6].

Theorem 1. [8, Proposition 6.3, Theorem 6.7] Consider = as a morphism to G. Then the
comorphism °°: C[G] — Zy is injective and the following holds:

2 In [8] 72 is denoted by Z. The notation here comes from [9]. The centre of U is denoted by the same letter,
but this will cause no confusion.
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() 26 =273 )
(i) 7 induces an isomorphism C[G]¢ => ZOG =ZoNZ.
(ili) The monomorphism (CP)W = (CP)W obtained by combining the isomorphism in
(i) with the restriction homomorphism C[G] — C[T1=CP and h:Z| — vl=cre,
is given by x — 2Ix: P — P. In particular h(Zo N Z1) = (C21P)V.

I will give the proof of (iii). If we identify 28 with C[T], then the homomorphism
W\zy:Zo— Zg is the comorphism of a natural embedding 7 < 2. Now we have a com-
mutative diagram

b/
<

2
12 JA
T

-

)

Expressed in terms of the comorphisms this reads: (x — 2x) oresg,7 =resp, 1 o 7,
where resg,r and resg 7 are the restrictions to 7 and the comorphism of the morphism
between the tori is denoted by its restrictions to the character groups. Now we identify U°
with C[T']. Composing both sides on the left with x > [x and using (x + Ix) oresp 7 =
W\zy:Zo— U% = CP we obtain (x > 2lx) otesg.7 = h' o w. If we restrict both sides
of this equality to C[G]Y, then we can replace 4’ by h and we obtain the assertion.

1.5. Zyand Z| generate Z

Theorem 2. [8, Proposition 6.4, Theorem 6.4] Let uy, ..., u, be the elements of Z defined
in Subsection 1.3. Then the following holds:

(1) The multiplication Z1 ® zy,nz, Zo — Z is an isomorphism of algebras.

(i) Z is a free Zo-module of rank " with the restricted monomials ulfl e u]r(’, 0<k <,

as a basis.

I give a proof of (ii). In [8, Proposition 6.4] it is proved that (CP)Y is a free (CIP)W -
module of rank /" with the restricted monomials (exponents < /) in the sym(z;) as a basis.
The same holds then of course for (C2P)W, (C2/P)" and the sym(2z;). But then the
same holds for Z1, Zo N Z; and the u; by (iii) of Theorem 1. So the result follows from (i).

Recall that 2 = 2~ x T x 27 and that 2% = U.. So Z is a polynomial algebra in
dim(g) variables with r variables inverted. In particular its Krull dimension (which coin-
cides with the transcendence degree of its field of fractions) is dim(g). The same holds then
for Z, since it is a finitely generated Zp-module.

3 Gisa group of automorphisms of the algebra U and does not leave Z stable. However, SG can be defined in
the obvious way for every subset S of U.
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Let Z(’) be a subalgebra of Z( containing Z| N Zy. Then the multiplication Z; ® z,nz,
Z\, — ZyZ; is an isomorphism of algebras by the above theorem. This gives us a way to
determine generators and relations for Zf)Z 1: Let 51, ..., s, be the generators of C[G]®
defined in Subsection 1.3. Then 7°(sy), ..., w°(s,) are generators of Zo N Z| = Z{N Z;
by Theorem 1(ii). Now assume that we have generators and relations for Z{. We use for Z;
the generators uy, ..., u, defined in Subsection 1.3. For each i € {1, ..., r} we can express
7°(s;) as a polynomial g; in the generators of Z;, and as a polynomial f; in the u ;. Then
the generators and relations for Z; together with the u; and the relations f; = g; form a
presentation of Z{Z;.*

The f; can be determined as follows. Write sym(/z;) as a polynomial f; in the
sym(w;). Then sym(2/w;) is the same polynomial in the sym(2ez;) and 7°°(s;) =
fi(ui,...,u;) by Theorem 1(iii).

Note that 7°°(C[O]) = Z_(C(ZIP)Z+ and that Zo = 7°(C[OD [z, - - -+ 2w, |-

Now assume that G = SL,. For f € C[SL,] denote f o m by f and put Zy =

7¢°(C[SL,]). Then Zy is generated by the & 73 it is a copy of C[SL,] in Zo. Now O
consists of the matrices A € SL,, that have an LU- decomposmon (without row permu-
tations), that is, whose principal minors Aj(A), .. n 1(A) are non-zero. So C[O] =
CISL. 1A}, ..., A1 1, 7°°(ClO)) = Zo[A ', ..., A1 and

Zo=Zolzms - 2 A[A A

n—1

Let prp r be the projection of O on T. An easy computation shows that A;|p =
&11-- é,,)oprOT_w, opro T fori—l ,n—15So A~ =w; opry y O = W; O
(t—t )opr_Q 7 =2wWjoprg = =z2 .In Subsectlon 3.3 we will determine generators and
relations for Z(’)Z 1, where 26 = Zo[zwl, ...+ Zg,_,] using the method mentioned above.

2. Rationality

We use the notation of Section 1 with the following modifications. The func-
tions &;;, 1 <1i,j < n, now denote the standard coordinate functionals on Mat, and
for i € {1,...,n}, s; € K[Mat,] is defined by s;(A) = tr(/\i A) for A € Mat,. Then
det(xid—A) =x" + Y 7, (—=1)"s; (A)x"". This notation is in accordance with [16].

For f € C[Mat,] we denote its restriction to SL, by f’ and we denote 7°(f') by f.
So now s{,...,s,_, and Si/j are the functions sy, ..., s,—1 and &; of Subsection 1.3 and

the & are the same.
To prove the theorem below we need to look at the expressions of the functions s; in
terms of the &;;. We use that those equations are linear in &1, &2, ..., &u,. The treatment

4 This method was also used by Krylyuk in [14] to determine generators and relations for the centre of the
universal enveloping algebra U (g) of g. Our homomorphism 7°: C[G] — Z plays the role of Krylyuk’s G-
equivariant isomorphism 7 : S(g)(l) — Zp, where we use the notation of [16].

5 For two n x n matrices A and B we have /\k(AB) = /\k(A) /\k(B). From this it follows that if either A is
lower triangular or B is upper triangular, then Ag(AB) = A (A) Ak (B).
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is completely analogous to that in [16, 4.1] (we use the same symbols R, M, d and x,) to
which we refer for more explanation. Let R be the Z-subalgebra of C[Mat, ] generated by
all &;; with j #n.

Let 9;; denote differentiation with respect to the variable &;; and set

O1n(s1)  dn(s1) ... Oun(s1) En S1
01n(s2)  022(s2) ... Oun(s2) & 52
= . . . . s = . s S = .
On(sn)  0n(sp) ... Opu(sn) &nn Sn

Then the matrix M has entries in R and the following vector equation holds:

M-c=s+r, wherereR". (1
We denote the determinant of M by d. Fora= (ay, ..., a,) € K" we set
0O --- 0 0 g
1 -+ 0 0 ay
Ya= | oo
0O -+ 1 0 a
0O --- 01 a

Then the minimal polynomial of x, equals x" — >/, a;ix™t det(xy) = (—=1)*"lg, and
d(xa) =1 (compare Lemma 3 in [16]).

Theorem 3. Z has a rational field of fractions.

Proof. Denote the field of fractions of Z by Q(Z). From Subsection 1.5 it is clear that
Q(Z) has transcendence degree dim(s(,,) = n? — 1 over C and that it is generated as a field
by the n? 4 2(n — 1) variables é,»j, Ul,...,up—1 and Zg, ..., Zg, . To prove the assertion
we will show that Q(Z) is generated by the n2 — 1 elements §,~q,~, i J,JFEnul,...,up—1
and Zg, ..., 2, _, - We will first eliminate the n generators éln, e, é,m and thenthen — 1
generators 511 e é’n_1 n—1-

Applying the homomorphism f — f =7 o (f + f'):C[Mat,] — Zg to both sides
of (1) we obtain the following equations in the éij and 51, ..., 8:—1

M-¢=§+F, wherefeR". 2)

Here M, ¢, §, I have the obvious meaning, except that we put the last component of § and ¥
equal to O respectively 1, and R is the Z-subalgebra of Z generated by all 5,;,' with j #n.
Choosing a such that a, = (—1)"~! we have x5 € SL,,. Since d(xa) = 1, we have d’ # 0
and therefore det(M) = d # 0. Furthermore, fori =1,...,n—1, (8); =5; € Zp N Z; and
Z is generated by uq, ..., u,—1. It follows that éln, e, é,m are in the subfield of Q(Z)
generated by the é,-j with j #Znand uy, ..., uy—1.
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Now we will eliminate the generators §1 Lyoens én_l n—1. We have
zzzzyl =A = §11
and for k =2, ...,n — 1 we have, by the Laplace expansion rule,

2 sz o : 2
Ty, = Ak = gk Ak—1 + te = Epk 2| + Ik,

where #; is in the Z-subalgebra of Z generated by the §,~ jwith 7, j <k and (i, j) # (k, k).
It follows by induction on k that for k =1, .. Ln= 1, 511, e §kk are in the subfield of
O(Z) generated by the 7, withi <k and the §;; withi, j <kandi#j. O

3. Unique factorisation

Recall that Nagata’s lemma asserts the following: If x is a non-zero prime element
of a Noetherian integral domain S such that S [x~1] is a UFD, then S is a UFD. See
[11, Lemma 19.20]. Here an element is called prime if it generates a prime ideal. The
non-zero prime elements of an integral domain are always irreducible and in a UFD the
converse holds. In Theorem 4 we will see that, by Nagata’s lemma, it suffices to show that
the algebra Z/(d) is an integral domain in order to prove that Z is a UFD. To prove this
we will show by induction that the two sequences of algebras (to be defined later):

KI[SL,1/(d") = A(K) = By.o(K) € Bo.1(K) € --- C Bon—1(K) = Bo(K)
in characteristic p and
Bo(C) € By (C) C--- C B,—1(C) = B(C)

over C, consist of integral domains. Lemma 2 is, among other things, needed to show
that A(K) = K[SL,]/(d’) is an integral domain. Lemmas 3 and 4 are needed to obtain
bases over Z (see Proposition 1), which, in turn, is needed to pass to fields of positive
characteristic and to apply mod p reduction (see Lemma 6).

3.1. The casen =2

In this subsection we show that the centre of U, p(sly) is always a UFD, without any
extra assumptions on /. The standard generators for U = U, p(slp) are E, F, K and K ;,1 .
Put K = Ko = K2,, 21 = 2 = K., 2 = 24 = 23 = K'. Furthermore, following [8, 3.1],
we put ¢ = (¢ — 8_1)1, x=—cz LE!, y= cF'. Then x, y and z; are algebraically inde-
pendent over C and Zy = C[x, v, m][zl_l] (see [8, §3]).

We have U® = C[K, K;']1and U?Y =C[K, K~']" = C[K + K~!]. Identifying U°
and CP, we have symQ2w) = K + K~ !and symQw)=z+z . Putu= i_z(sym(2w)).
By the restriction theorem for U, Z; is a polynomial algebra in u. Denote the trace map on
Mat; by tr. Then tr |7 = sym(e ). By the restriction theorem for C[G] and Theorem 1(ii),
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tr generates Zo N Z. Furthermore tr = ﬁ(z + z’l), by Theorem 1(iii). Let f € C[u] be the
polynomial with z +z~! = f(K 4+ K~1). Then fr = f (u). From the formulas in [8, 5.2] it
follows that fr= —zxy +z + 2z~ L.

By the construction from Subsection 1.5 (we take 26 = Zyp), Z is isomorphic to the
quotient of the localised polynomial algebra Clx, y, z1, u][zl_l] by the ideal generated by
—z%xy + z% + zl_z — f(u). Clearly x,u and z; generate the field of fractions of Z. In
particular they are algebraically independent. So Z[x~!] is isomorphic to the localised
polynomial algebra Cl[x, z7, u][zl_l, x7!] and therefore a UFD. By Nagata’s lemma it suf-
fices to show that x is a prime element in Z. But Z/(x) is isomorphic to the quotient
of Cly, z1, u][zl_l] by the ideal generated by z% + z1_2 — f(u). This ideal is also gener-
ated by z‘l‘ — f(u)z% + 1. So it suffices to show that z‘f — f(u)z% + 1 is irreducible in
Cly, Z1,M][Zl_l]. From the fact that f is of odd degree [ > 0 (see e.g. Lemma 4 below),
one easily deduces that z‘l1 — f (u)z% + 1 is irreducible in C[z;, #] and therefore also in
Cly, z1, u]. Clearly z? — f(u)z% + 1 is not invertible in C[y, zl,u][zl_l], so it is also irre-
ducible in this ring.

3.2. SL, and the function d

The next lemma is needed for the proof of Theorem 4. The Jacobian matrix below con-
sists of the partial derivatives of the functions in question with respect to the variables &;;.

Lemma 1. If n > 3, then there exists a matrix A € SL,,(Z) such that d(A) = 0 and such
that some 2n-th order minor of the Jacobian matrix of (s1,...,Sn,d, A1, ..., Ay_1) is £1
at A.

Proof. The computations below are very similar to those in [16, Section 6]. We denote by
X the (n x n)-matrix (§;;) and for an (n x n)-matrix B = (b;;) and Ay, A2 C{1,...,n}
we denote by B A, 4, the matrix (b;j)ic4,, jea,, Where the indices are taken in the natural
order.

In the computations below we will use the following two facts:

For A1, A C{1,...,n} with |A{| = |A3| we have

(=m0 det(Xa,\ (i), 42\(j) When (i, j) € (A1 x A2),

aij(det(XApAz)) = {0 when (i, j) ¢ (A1 X A»),

where n1 (i) denotes the position in which i occurs in A and similarly for n,(j).
For k < n we have sp =) 4 det(X4, 4) where the sum ranges over all k-subsets A of
{1,...,n}.
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Puta=((11),(22),(23),...,2n—1),(nn),(n—1n),...,(2n), (21), (12)), and let
«; denote the ith component of «. We let A be the following (n x n)-matrix:

100 0 (=1)"
010 0 0
110 0 0

A=10 0 1 0 0
000 -1 0

The columns of the Jacobian matrix are indexed by the pairs (i, j) with 1 <i, j <n. Let
M, be the 2n-square submatrix of the Jacobian matrix consisting of the columns with
indices from «. By permuting in A the first row to the last position and interchanging the
first two columns, we see that det(A) = 1. We will show that d(A) = 0 and that the minor
dy := det(My) of the Jacobian matrix is 1 at A.

First we consider the Ag, k € {1, ...,n — 1}. By inspecting the matrix A and using the
fact that 9;; Ay =0if i > k or j > k, we deduce the following facts:

+1 ifi =k,

0 if i >k,
(0114A1(A) =1,

(0124%)(A) = (021 A%)(A) =0 forallke{l,...,n— 1},

(aziAk)(A)z{ fori,kefl,....n—1}, i #1,

and
0inAr)(A) =0 forallkef{l,...,n—1}andalli €{l,...,n}.

Now we consider the s;. Let i € {1,...,n} and let A C {1,...,n}. Assume that
din (det(X 4 4)) is non-zero at A. Then we have:

e i,neA;

e jeA= j—1e Aforall j with4 < j <nandj#i,since otherwise there would be
a zero row (in X\ (i}, a\n} (A) = AA\(i}, A\(n));

e je A= j+1e Aforall j with3 < j <n— 1, since otherwise there would be a zero
column.

First assume that i > 3 and that |A| < n — i + 1. Then it follows that A = {i, ..., n} and
that 9;, (det(X4,4))(A) = £1.

Next assume that i = 2. Then it follows that either A ={2,...,n}or A ={1,...,n}.
In the first case we have 0;, (det(X4 4))(A) = (==L = (=1)". In the second case we
have 0;, (det(X 4, 4))(A) = (=1)*™ = (=1)".

Now assume that i = 1. Then it follows that either A ={1,3,...,n}or A={1,...,n}.
In the first case we have 9;, (det(X4 4))(A) = (=)=l = (=1)". In the second case we
have d;, (det(Xa, 4))(A) = (=)' - (=) = (=1)".
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Sofori,ke{l,...,n} we have:

+1 ifi>3andi+k=n+1,

_Jo0 ifi >3andi+k<n+1,
(Oinsk) (A) = (=" ifie{l,2}andk e {n—1,n},
0 ifie{l,2}andk <n —1.

It follows from the above equalities that in M (A) the first 2 columns are equal. So d(A) =
det(M(A)) =0.

Let A C {1,...,n}. Assume that d12(det(X4, 4)) is non-zero at A. Then 1,2 € A and
the first row is zero. A contradiction. So d12(det(X4 1)) is zero at A. Now assume that
d21(det(X 4, 4)) is non-zero at A. Then

e 1,2¢ A;

e n € A, since otherwise the first row would be zero;

e je A= j—1¢€ Aforall j with 4 < j < n, since otherwise there would be a zero
TOow.

So A={l,...,n} and 9;,(det(X4 4))(A) = £1. Thus we have (3d12s¢)(A) = 0 for all
kef{l,...,n}and

+1 ifk=n,

(B2150)(A) = [0 otherwise.

Finally, we consider the function d. Leti € {1,...,n},let A C {1,...,n} and assume
that 9120;,(det(X4, 1)) is non-zero at A. Then we have:

e 1,2,i,ne Aandi #1;

e [ = 2, since otherwise the first row would be zero;

e jeA= j—1¢€ Aforall j with 4 < j < n, since otherwise there would be a zero
Tow.

It follows thati =2, A ={1,...,n} and 9120;,(det(X4 1)) =*1.Sofori,k e {l,...,n}
we have:

[ E1if k) =2,n),
(31281n5k)(A) - {O lf (l, k) 75 (2, f’l)

We have

d="Y" sgn(m)dr(iyn(s1) dxun (Sn). 3)

e,

So, by the above,

0120)(A) = (Y 5enG 01 (5D n (52) - D1y (0-1) 912020 52) ) (A),
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where the sum is over all # € &, with w(n) = 2. From what we know about the
dinsx we deduce that the only permutation that survives in the above sum is given by
(T(),...,mr(n))=m,n—1,...,3,1,2) and that (912d)(A) = *1.

If we permute the rows of M, (A) in the order given by Ay, ..., A,—1,51,...,8,,d and
take the columns in the order given by «, then the resulting matrix is lower triangular with
+1’s on the diagonal. So we can conclude that d, (A) = det(My(A)) ==+1. O

In the remainder of this subsection K denotes an algebraically closed field.

Lemma 2.

(i) d is an irreducible element of K[Mat,].
(ii) K[SL,]is a UFD.
(iii) The invertible elements of K[SL,] are the non-zero scalars.
(v) d', AY,..., A _| is are mutually inequivalent irreducible elements of K[SL,].

Proof. (i) The proof of this is completely analogous to that of Proposition 3 in [16]. One
now has to work with the maximal parabolic subgroup P of GL, that consists of the in-
vertible matrices (a;;) with a,; =0 for all i < n. The element d is then a semi-invariant of
P with the weight det - £, (the restriction of this weight to the maximal torus of diagonal
matrices is nwy,_1).

(i1) In fact it is well known that the algebra of regular functions K[G] of a simply
connected semi-simple algebraic group G over K is a UFD. See [15, the corollary to
Proposition 1].

(iii) and (iv). Since A;h] is not everywhere non-zero on SL,, it is not invertible in
K[SL,]. From the Laplace expansion for det with respect to the last row or the last column
it is clear that we can eliminate &,, using the relation det = 1, if we make A,_; in-
vertible. So we have an isomorphism K[SLn][Ai;ll] = K[(&j)(i’j)#n,n)][A;fll]. It maps
d A\, ..., A _, torespectively d, Ay, ..., A,_1, since these polynomials do not con-
tain the variable &,,,. The invertible elements of K[(&;;);, j)#n,,,)][An__] 1] are the elements

aAflfl, ae€ K\ ({0}, ke Z, since A,_ is irreducible in K[(§;;), j)#m,m]. So the in-
vertible elements of K[SLn][A;ljll] are the elements aA;k_l, a € K\ {0}, k € Z. This

shows that A;l_ | s irreducible in K[SL,], since otherwise there would be more invert-

ible elements in K [SLn][A;L__ll]. So the invertible elements of K[SL,] are the non-zero
scalars. Since d and the A; are not scalar multiples of each other, all that remains is to
show that d" and A, ..., A) _, are irreducible. We only do this for d’, the argument for
the A; is completely similar. Since d is prime in K[(;;), j)#(,n)] and d does not divide
A,_1, it follows that d is prime in K[(Eij)(l-,j)#(n’n)][A;_]l] and therefore that d’ is prime
in K [SLn][A;__ll]. To show that d’ is prime in K[SL,] it suffices to show that for every
f eKI[SL,], 4], _, f € (d") implies f € (d'). So assume that

A;,_lf = gd/ ()
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for some f, g € K[SL,]. If we take a € K" such that a,, = (—1)”’1, then we have x, €
SL,,d'(xa) =1and A] _,(xa) =0.So0 A/ | does not divide d’. But then A/ _, divides g,
since A;_l is irreducible. Cancelling a factor A;_l on both sides of (%), we obtain that
fed). O

3.3. Generators and relations and a Z-form for ZO[sz R S VA
For the basics about monomial orderings and Grobner bases I refer to [5].

Lemma 3. If we give the monomials in the variables &;; the lexicographic monomial or-
dering for which &, > &pp1 > - > & > &—1n> - >&,-11 > --- > &1, then det has
leading term £&,,, - - - £20€11 and d has leading term :l:&;’;_ll ‘e 5322521.

Proof. I leave the proof of the first assertion to the reader. For the second assertion we use
the notation and the formulas of Subsection 3.2. The leading term of a non-zero polyno-
mial f is denoted by LT(f). Leti € {l,...,n} and A C{1,...,n} with |A| =k > 2 and
assume that 9;,,(det(X4, 4)) # 0. Then i, n € A. Now we use the fact that no monomial in
din(det(X 4, 4)) contains a variable with row index equal to i or with column index equal
to n or a product of two variables which have the same row or column index.

First assume thati > n — k + 1. Then

LT(0in(det(Xa,4))) < £&nn—1--Eir1iim1i-1" En—ktln—k+1

with equality ifand onlyif A={n,n—1,...,n —k + 1}. Now assume thati =n —k + 1.
Then

LT(ain (det(XA,A))) S Enn—1En—k+2n—k+1

with equality ifand only if A ={n,n—1,...,n —k-+1}. Finally assume thati <n—k+ 1.
Then

LT(ain (det(XA,A))) S Eénn—1 - En—k+3n—k+28n—k+2i

with equality if andonly if A={n,n—1,...,n —k+2,i}.
Sofori,ke{l,...,n} with k > 2 we have:

t&nn—1--it1i&i—1i-1 Sn—ktin—k+1 Hit+k>n+1,
LT(0insk) = | £énn—1""En—k+2n—k+1 ifi+k=n+1,
EEnn—1 " En—k+3n—k+25n—k+2i ifi+k<n+1.

In particular LT (0;,5¢) < £&nn—1--&n—k+1n—k+1 With equality if and only if i + k =
n + 1. But then, by Eq. (3), LT(d) = LT(0,,s1)LT(0n—1,52)--LT(01,8,) =
g1 ELe. O

Recall that the degree reverse lexicographical ordering on the monomials u®* =
uf' - u* in the variables uy, ..., uy is defined as follows: u® > u” if deg(u®) > deg(u®)
or deg(u®) = deg(uﬂ) and «; < B; for the last index i with «; # B;.
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Lemmad4. Let f; € Z[uy, ..., u,—1] be the polynomial such that sym(lw;) = f; (sym(wy),
..., sym(@y,—1)). If we give the monomials in the u; the degree reverse lexicographic
monomial ordering for which uy > --- > u,_1, then f; has leading term uf Furthermore,
the monomials that appear in f; — uf are of total degree < | and have exponents < 1.°

Proof. Let o; be the ith elementary symmetric function in the variables xi, ..., x, and let
Ai € P = X(T) be the character A +— A;; of T. Then sym(w;) = o;(e(A1), ..., e(ry,)) for
iefl,...,n—1}.Sothe f; can be found as follows. Fori € {1, ...,n — 1}, determine F; €
Zlu, ... u,] such that o;(x},...,x)) = Fi(o1,...,0,). Then fi = Fi(ui,...,up—1,1).
It now suffices to show that fori € {1,...,n — 1}, F; — uf is a Z-linear combination of
monomials in the u ; that have exponents < [, are of total degree </ and that contain some
u; with j > i (the monomials that contain u, will become of total degree <[ when u,, is
replaced by 1).
Fixi € {l1,...,n — 1}. Consider the following properties of a monomial in the x;:

(x1) the monomial contains at least i + 1 variables;
(x2) the exponents are < /;
(x3) the number of exponents equal to [ is < i;

and the following properties of a monomial in the u;:

(ul) the monomial contains a variable u ; for some j > i;
(u2) the total degree is < /;
(u3) the exponents are < /.

Let i be a symmetric polynomial in the x; and let H be the polynomial in the u; such that
h=H(oy,...,0,). Give the monomials in the x; the lexicographic monomial ordering for
which x; > - -- > x,,. We will show by induction on the leading monomial of / that if each
monomial that appears in /& has property (x1) respectively property (x2) respectively prop-
erties (x1), (x2) and (x3), then each monomial that appears in H has property (ul) respec-
tively property (u2) respectively properties (ul), (u2) and (u3). Let x* := xf” < x2" be the
leading monomial of 4. Then ) 2 ap 2> - Z . Put B = (] — o2, ..., p—1 — 0ty @yy).
Let k be the last index for which ay # 0. Then 8 = (o] — a2, ..., 0k—1 — g, @, 0, ..., 0).
If x® has property (x1), then k > i + 1, u? has property (ul) and the monomials that appear
in o have property (x1), since o} appears in .

If x“ has property (x2), then o1 <1, uP is of total degree o </ and the monomials that
appear in o# have exponents < 8 + - - - + fx = a1 <. Now assume that x* has properties
(x1), (x2) and (x3). For j <k we have 8; =a; — a1 <[, since a1 # 0. So we have
to show that B = oy < I. If oy were equal to [/, then we would have o] = --- = o =,
by (x2). This contradicts (x3), since we have k > i 4+ 1 by (x1). Finally we show that the

6 So our fi are related to the polynomials P; = xf - Zu djyxy from the proof of Proposition 6.4 in [8] as
follows: P; = fi(xq,..., Xp—1) — sym(l@;). In particular d;o = sym(lw;) and d;;, € Z for all u € P\ {0} (we
are, of course, in the situation that g = sl;;).



R. Tange / Journal of Algebra 301 (2006) 425—445 439

monomials that appear in o# have property (x3). If o] < [, then all these monomials have
exponents < /. So assume a1 =[. Let j be the smallest index for which 8; # 0. Then the
number of exponents equal to / in a monomial that appears in o? is < j. On the other hand,
o) =---=0a; =1. So we must have j <, since x has property (x3).

Now we can apply the induction hypothesis to & —co®?, where ¢ is the leading coefficient
of h.

The assertion about F; — uf now follows, because the monomials that appear in

o; (xi, e, xfl) — al.l have the properties (x1), (x2) and (x3). O

From now on we denote z,,; by z; .7 Let Z[SL,] be the Z-subalgebra of C[SL,] gener-
ated by the Ei’j and A be the Z-subalgebra of Z generated by the &; .80 A =m(Z[SL,]).
Let B be the Z-subalgebra generated by the elements §,-j, Ui, ..., Up—1 and z1,...,24p-1.
For a commutative ring R we put A(R) = R ®z A and B(R) = R ®z B. Clearly we can
identify A(C) with Zo. In the proposition below “natural homomorphism” means a homo-
morphism that maps &;; to & ; and, if this applies, the variables u; and z; to the equally
named elements of Z. The polynomials f; below are the ones defined in Lemma 4.

Proposition 1. The following holds:

(i) The kernel of the natural homomorphism from the polynomial algebra

Z1(&ij)ij Uty ..o Un—1,21,..-,2Zn—11 to B is generated by the elements
det—1, f1 —s1,..., fu—1 _s"*]’z%_Al""’Z;%—l —An_1.
(ii) The homomorphism B(C) — Z, given by the universal property of ring transfer, is
injective.
(iii)) A is a free Z-module and B is a free A-module with the monomials
Ifl . ]:l" fz’lnl .- 21"11, 0<k; <I,0< m; <2, as a basis.

(iv) Alz1,...,zu—11NZ1=ANZ| =Z[51,...,Spn—1]1and BN Z| is afree AN Z|-module

ki 0<k; <1, as a basis.

. . k
with the monomials ull U,

Proof. Let Z(/) be the C-subalgebra of Z generated by the é‘ij and z1,...,2n—1. As we
have seen in Subsection 1.5, the z; satisfy the relations ziz = A~i. The A~,' are part of a
generating transcendence basis of the field of fractions Fr(Zo) of Zo by arguments very
similar to those at the end of the proof of Theorem 3. This shows that the monomi-
als z)"" - Z0"7', 0 < m; <2, form a basis of Fr(Z}) over Fr(Zy) and of Z{ over Zj.
It follows that the kernel of the natural homomorphism from the polynomlal algebra
ClGEijijs 21, ---»2n—1] tO Z(’) is generated by the elements det — 1, z% — A, ..., zﬁ_l —
An_1. So we have generators and relations for Z;. By the construction from Subsec-
tion 1.5 we then obtain that the kernel I of the natural homomorphism from the polyno-
mial algebra C[(§;;)j, u1, ..., Un—1,21,...,20—1] t0 Z{Z is generated by the elements

2 2
det—1, fi =1, .vvs fum1 = Su—1,27 — A1, ..., Z,_ — An—1.

7 In[8,9] zq; is denoted by z;.
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Now we give the monomials in the variables (§;;)j, u1, ..., 4p—1,21, ..., Zn—1 2 MONO-
mial ordering which is the lexicographical product of an arbitrary monomial ordering on
the monomials in the z;, the monomial ordering of Lemma 4 on the monomials in the u;
and the monomial ordering of Lemma 3 on the &;; 8 Then the ideal generators mentioned
above have leading monomials &, - --Szzéll,ull, e ui_l, z%, ...,zﬁ_l and the leading
coefficients are all +1. Since the leading monomials have gcd 1, the ideal generators form
a Grobner basis; see [5, Chapter 2, §9, Theorem 3 and Proposition 4], for example. Since
the leading coefficients are all +1, it follows from the division with remainder algorithm
that the ideal of Z[(§;;);j, u1,...,Un—1,21,.-.,2Zn—1] generated by these elements con-
sists of the polynomials in / that have integral coefficients and that it has the Z-span of
the monomials that are not divisible by any of the above leading monomials as a direct
complement. This proves (i) and (ii).

(iii) The canonical images of the above monomials form a Z-basis of B. These monomi-
als are the products of the monomials in the &;; that are not divisible by &, - - - £22611 and
the restricted monomials mentioned in the assertion. The canonical images of the mono-
mials in the &;; that are not divisible by &, - - - £22&11 form a Z-basis of A.

(iv) As we have seen, the monomials with exponents < 2 in the z; form a basis of the Zo—
module Z(’). So Alz1,...,zn—1]N Zo = A. Therefore, by Theorem 1(ii), A[z1, ..., Zn—1]N
Z1 = AN Z = 7°Z[SL,13"). Now (ZP)V = Z[sym(w)),...,sym(w,_1)] (see
[3, No. VL.3.4, Theorem 1]) and the s/ are in Z[SL,], so Z[SL,I>" = Z[s{,...,s/ ]
by the restriction theorem for C[SL,]. This proves the first assertion. From the proof of
Theorem 2 we know that the given monomials form a basis of Z; over Zp N Z; and a basis
of Z over Zy. So an element of Z is in Z; if and only if its coefficients with respect to this
basis are in Zg N Z. The second assertion now follows from (iii). O

By (ii) of the above proposition we may identify B(C) with Zo[zl, .oy Zn—-11Z1 and
BO)AV!, ..., A1 1 with Z.

Put Z = Z/(d). For the proof of Theorem 4 we need a version for Z of Proposition L.
First we introduce some more notation. For u € Z we denote the canonical image of u in Z
by u. For f € C[Mat,] we write f instead of f. Let A be the Z-subalgebra of Z generated
by the &;; and let B be the Z-subalgebra generated by the elements &;;, u1, ..., u,—1 and
Z1, ..., 2n—1. For a commutative ring R we put A(R) = R®y A and B(R) =R ®y B.

Proposition 1. The following holds:

(i) The kernel of the natural homomorphism from the polynomial algebra
ZIEij)ij Uty e s Un—1,Z1,--->Zn—1] tO B s generated by the elements
det—1,d, f1 —s1,..., fa—1 —sn_l,z% —Aq,. "’szl — Ay

(ii) The kernel of the natural homomorphism Z[Mat,] — A is (det — 1, d).

(ili) The homomorphism B(C) — Z, given by the universal property of ring transfer, is
injective.

8 So the z; are greater than the u; which are greater than the &;;.
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(iv) A is a free Z-module and B is a free A-module with the monomials

_ k- . .
ulfl --~un”_llz'1n1 -~~z:znf11, 0<ki <l,0<m; <2, as a basis.

(v) The A-span of the monomials ﬁlfl e ﬁﬁ”_’ll, 0 < k; <1, is closed under multiplication.

Proof. From Lemma 2(iii) we deduce that (A(C)[A}",..., 4. 1d) N A(C) = A(C)d.
From this it follows, using the A(C)-basis of B(C), that (Zd) N B(C), which is the kernel
of the natural homomorphism B(C) — Z, equals B(C)d. From (i) and (ii) of Proposi-
tion 1 or from its proof it now follows that the kernel of the natural homomorphism from
the polynomial algebra C[(&;;);j, u1, ..., Up—1,21, ..., 2n—1] tO Z is generated by the ele-
ments det — 1,d, f1 —s1,..., fu-1 —S,,_l,z% —Ayq,. ..,Zﬁ_l —An_1.

Again using the A(C)-basis of B(C) we obtain that (B(C)d) N A(C) = A(C)d. From
this it follows that the kernel of the natural homomorphism C[Mat,,] — Z is generated by
det—1 and d.

By Lemma 3 we have LT(d) = :I:E,’:;_ll ---£2,&) which has ged 1 with the leading
monomials of the other ideal generators, so the ideal generators mentioned above form a
Grobner basis over Z. Now (i)—(iv) follow as in the proof of Proposition 1.

(v) This follows from the fact that the remainder modulo the Grobner basis of a poly-
nomial in Z[(&;;)ij, u1, ..., up—1]is againin Z[(&;})ij, u1, ..., up—1]. O

By (ii) and (iii) of the above proposition A and B(C)[A, ™', ..., A, ', ] can be identified
with respecti\_/ely Z[Mat, ]/ (dgt —1,d) and Z. From (iv) it follows that, for any commuta-
tive ring R, A(R) embeds in B(R).

3.4. The theorem

Lemma 5. Let A be an associative algebra with 1 over a field F and let L be an extension
of F. Assume that for every finite extension F' of F, F' @ A has no zero divisors. Then
the same holds for L @ A.

Proof. Assume that there exista, b € L @ A\ {0} with ab = 0. Let (¢;);<; be an F-basis
of A and let cffj € F be the structure constants. Write a =), oje; and b =), ; Bie;.
Let 1, respectively I be the set of indices i such that o; # 0 respectively g8; # 0 and let
J be the set of indices k such that cf.‘j # 0 for some (i, j) € I, x Ip. Then I, and I}, are
non-empty and I, I and J are finite. Take i, € I, and i; € I. Since ab = 0, the following
equations over F' in the variables x;, i € I, y;, i € I, u and v have a solution over L:

Z cffjxiyj =0 forallkeJ,

i€ly, jelp

xiu=1, yi,v=1.

But then they also have a solution over a finite extension F’ of F by Hilbert’s Nullstel-
lensatz. This solution gives us non-zero elements @', b’ € F' @ p A witha’'b’ =0. O
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Lemma 6. Let R be the valuation ring of a non-trivial discrete valuation of a field F and
let K be its residue class field. Let A be an associative algebra with 1 over R which is free
as an R-module and let L be an extension of F. Assume that for every finite extension K’
of K, K' g A has no zero divisors. Then the same holds for L Qg A.

Proof. Assume that there exist a, b € L ®g A \ {0} with ab = 0. By the above lemma we
may assume that a,b € F' ®p A \ {0} for some finite extension F’ of F. Let (¢;);c; be
an R-basis of A. Let v be an extension to F’ of the given valuation of F, let R’ be the
valuation ring of v, let K’ be the residue class field and let § € R’ be a uniformiser for v.
Note that R’ is a local ring and a principal ideal domain (and therefore a UFD) and that K’
is a finite extension of K (see e.g. [6, Chapter 8, Theorem 5.1]). By multiplying a and b
by suitable integral powers of § we may assume that their coefficients with respect to the
basis (e;);er are in R’ and not all divisible by § (in R’). By passing to the residue class
field K we then obtain non-zero a’, b’ € K’ Qg (R' ®r A) =K' g A witha’'b' =0. O

Remark. The above lemmas also hold if we replace “zero divisors” by “non-zero nilpotent
elements.”

For t € {0,...,n — 1} let B,_ be the _Z—subalgebra generated by the elemeznts §i s
U,...,uy—1 and z1,...,7Zs. So B,_1 = B. For a commutative ring R we put B;(R) =

R ®7 B;. From (iv) and (v) of Proposition 1 we deduce that the monomials ﬁ]fl e ﬁfl”_’ 11 X

Z'lnl --~2;"‘, 0<k <I,0<m; <2, form a basis of B, over A. So for any commutative
ring R we have bases for B, (R) over A(R) and over R. Note that B;(R) embeds in B(R),
since the Z-basis of B; is part of the Z-basis of B.

Modifying the terminology of [11, §16.6], we define the Jacobian ideal of an m-tuple of
polynomials ¢1, ..., @, as the ideal generated by the k£ x k minors of the Jacobian matrix

of 91, ..., om, where k is the height of the ideal generated by the ¢;.
Theorem 4. If | is a power of an odd prime p, then Z is a unique factorisation domain.

Proof. We have seen in Subsection 3.1 that for n = 2 it holds without any extra assump-
tions on /, so assume that n > 3. For the elimination of variables in the proof of Theorem 3
we only needed the invertibility of d,so Z[d '] is isomorphic to a localisation of a poly-
nomial algebra and therefore a UFD. So, by Nagata’s lemma, it suffices to prove that d is
a prime element of Z, i.e. that Z = Z/(d) is an integral domain. We do this in 5 steps.

Step 1. B(K) is reduced for any field K .

We may assume that K is algebraically closed. Since B(K) is a finite A(K)-module
it follows that B(K) is integral over A(K) = K[Mat,]/(det — 1,d). So its Krull di-
mension is n? — 2. By Proposition 1(i), B(K) is isomorphic to the quotient of a poly-
nomial ring over K in n”? + 2(n — 1) variables by an ideal I which is generated by
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2n elements.’ So B(K) is Cohen—Macaulay (see [11, Proposition 18.13]). Let V be the
closed subvariety of (n> 4+ 2(n — 1))-dimensional affine space defined by I. Then, by
[11, Corollary 18.14], V is equidimensional of dimension n> — 2. By Theorem 18.15
in [11] it suffices to show that the closed subvariety of V defined by the Jacobian ideal
ofdet—1,d, fi—s1,..., fum1 — Sn—1, z% — Ay, Zi—l — A,_1 does not contain any of the
irreducible components of V. This amounts to showing that this subvariety is of codimen-
sion > 1 in V), since V equidimensional.

By Lemma 2, (det — 1,d) is a prime ideal of K[Mat,]. So we have an embedding
K[Mat,]/(det—1,d) — K[V] which is the comorphism of a finite surjective morphism of
varieties V — V(det— 1, d), where V (det— 1, d) is the closed subvariety of Mat,, that con-
sists of the matrices of determinant 1 on which d vanishes. This morphism maps the closed
subvariety of V defined by the Jacobian ideal of det — 1, d, f1 —s1,..., fu—1 — Sn—1, Z% —
A, ..., 1371 — A, _ into the closed subvariety of V (det — 1, d) defined by the ideal gen-
erated by the 2nth order minors of the Jacobian matrix of (si,...,s,,d, A1, ..., A,—1)
with respect to the variables &;;. This follows easily from the fact that s,, = det and that the
z; and u; do not appear in the s; and A;. Since finite morphisms preserve dimension (see
e.g. [11, Corollary 9.3)), it suffices to show that the latter variety is of codimension > 1 in
V(det — 1,d). Since V (det — 1, d) is irreducible, this follows from Lemma 1(ii).

Step 2. By(K) is an integral domain for any field K of characteristic p.

We may assume that K is algebraically closed. From the construction of the f; (see
the proof of Lemma 4) and the additivity of the pth power map in characteristic p it
follows that f; = uﬁ mod p. So the kernel of the natural homomorphism from the polyno-
mial algebra K[(&;;)ij,u1,...,Un—1,21,---,2n—1] 1O E’(K) is generated by the elements
det — 1,d, ull — sl,...,uil_l — s,—1 and the A(K)-span of the monomials ﬁlfl ﬁf’
0 < k; <, is closed under multiplication for each ¢ € {0,...,n — 1}. We show by in-
duction on ¢ that Bo,t(K) := A(K)[ii1, ..., i,] is an integral domain for r =0, ...,n — 1.
For t = 0 this follows from Lemma 2 and Proposition 1Gi). Lett € {1,...,n — 1} and
assume that it holds for ¢ — 1. Clearly By, (K) = Bo,,—1(K)[it;] = B,—1 (K)[x]/(x' —§)).
So it suffices to prove that x! — 5; is irreducible over the field of fractions of Bo,,,l (K).
By the Vahlen—Capelli criterion or a more direct argument, it suffices to show that s, is not
a pth power in the field of fractions of l_?o,,_l(l(). So assume that 5, = (v/w)? for some
v, w € Bo,;_1(K) with w # 0. Then we have v” = 5,w” = ﬁiw”. So with I’ =1/p, we
have (v — ﬁi,w)” = 0. But then v — ﬁilw = 0 by Step 1. Now recall that v and w can be
expressed uniquely as A(K)-linear combinations of monomials in ity ..., it;_1 with expo-
nents < /. If such a monomial appears with a non-zero coefficient in w, then ﬁi, times this
monomial appears with the same coefficient in the expression of 0 = v — ﬁf/ w as an A(K)-
linear combination of restricted monomials in ¢, ..., #,_1. Since this is impossible, we
must have w = 0. A contradiction.

9 The statement in Proposition 1(i) is only for B, but the fact that B(K) = K ®7 B has the same presentation,
the coefficients of the ideal generators reduced mod p, holds for very general reasons. See e.g. [2, No. 11.3.6,
Proposition 5 and its corollary].
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Step 3. By(C) is an integral domain.

This follows immediately from Step 2 and Lemma 6 applied to the p-adic valuation of
Q and with L =C.

Step 4. B, (©) is an integral domain for r =0, ...,n — 1.

We prove this by induction on ¢. For ¢ = 0 it is the assertion of Step 3. Let r € {1, ...,
n — 1} and assume that it holds for r — 1. Clearly B/(C) = B;_1(C)[z;]1 = B,_1(O)[x]/
(x2 — A,). So it suffices to prove that x2 — A, is irreducible over the field of fractions
of B,_1(C). Assume that x> — A, has a root in this field, i.e. that A; = (v/w)? for some
v, w € B;_1(C) with w # 0. By the same arguments as in the proof of Lemma 5 we may
assume that for some finite extension F of Q there exist v, w € B, (F) with w # 0 and
w2 A, = v2. Let v; be an extension to F of the 2-adic valuation of Q, let S be the valuation
ring of v, let K be the residue class field and let § € S, be a uniformiser for v,. We may
assume that the coefficients of v and w with respect to the Z-basis of B,_; mentioned ear-
lier are in S,. Assume that the coefficients of w are all divisible by § (in S»). Then w =0 in
B;_1(K) and therefore v2=0in B,_; (K).Butby Step 1, B,_1(K) is reduced, so v =0 in
B;_1(K) and all coefficients of v are divisible by 8. So, by cancelling a suitable power of
6 in w and v, we may assume that not all coefficients of w are divisible by §. By passing to
the residue class field K we then obtain v, w € B;_;(K) with w # 0 and w?A; = v2. But
then (wz; —v)? = 0in B,(K), since Z% = A, and K is of characteristic 2. The reducedness
of B;(K) (Step 1) now gives wz; —v =0 in B;(K). Now recall that v and w can be ex-
pressed uniquely as A(K)-linear combinations of the monomials ﬁlf‘ e ﬁﬁ”_’ 11 Z'lnl e Z'[n_’I' ,
0< ki <1, 0< m;j <2. We then obtain a contradiction in the same way as at the end of
Step 2.

Step 5. Z/(d) is an integral domain.

Since Z = B(C)[A_l_l, e, A_n__l] and the A; are non-zero in A(C) C[SL,]1/(d") by
Lemma 2, this follows from Step 4. O

Remark. To attempt a proof for arbitrary odd / > 1 I have tried the filtration with
deg(&;;) =21, deg(z;) = [i and deg(u;) = 2i. But the main problem with this filtration
is that it does not simplify the relations s; = f; (u1, ..., u—1) enough.
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